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Abstract — A new robust filtering method has recently
been proposed based on closed-conver sets of probabil-
ity distributions or, equivalently, coherent lower previ-
stons, which are used to characterize uncertainty in the
prior, likelihood and, respectively, state transition mod-
els. In this paper, we generalize this approach to the
multi-target tracking problem by also addressing the un-
certainty on the origin of the measurements (target or
clutter). In particular, we show that this further source
of uncertainty can be taken into account by using set of
distributions and decision techniques for coherent lower
previsions. Finally, we evaluate the performance of the
proposed tracker by means of Monte Carlo simulations
relative to difficult tracking scenarios such as manoeu-
vring and crossing targets.

Keywords: coherent lower previsions, linear Gaussian
vacuous mixture filter, data association.

1 Introduction

The objective of multi-target tracking is to estimate
the state (e.g., position and speed) of targets moving in
the surrounding environment from measurements col-
lected by a sensor at each time step. This is a chal-
lenging problem for four different reasons: (a) target
motion is (to some degree) unknown; (b) targets are
not always detected by the sensor; (¢) sensor gener-
ates a set of spurious measurements (clutter) not due
to targets; (d) the source (either a target or clutter)
originating a given measurement is unknown. A conse-
quence of (b)—(d) is that the observation at each time
step is a set of indistinguishable elements, only some of
which are generated by detected targets.

The traditional approach to multi-target tracking con-
sists of two steps: filtering and data association (DA).
Filtering aims to estimate the state of each individual
target. By defining a motion model for the target and
measurement model for the sensor, a linear/nonlinear
state space model is constructed. State estimation tech-
niques for dynamic systems are then employed to esti-
mate the target’s state using sensor’s measurements.

The Kalman filter (and its variants) is one of the most
known methods for (linear) state estimation. In the fol-
lowing, we call target’s track the set of estimates of a
given target returned by the filter at the various time
instants.

Once filtering is performed for each target, DA tech-
niques are employed to assign available measurements
to the corresponding tracks. The main goal of DA
is to distinguish which measurements are due to tar-
gets, which measurements due to clutter and, among
the targets originated measurements, which is the mea-
surement originated by a specific target. To reliably
estimate the positions and motions of the objects de-
spite the issues (a)—(d), many multi-target tracking al-
gorithms, which combine filtering and DA, have been
proposed (see [1] for a review). The robustness of multi-
target tracking algorithms depends on their capacity to
cope with all possible targets’ behaviours. This is in
general obtained by selecting a (finite) set of possible
motion models and, then performing filtering and DA
by taking account of the possible manoeuvres encoded
by this set. This is for instance the case of Multiple
Hypothesis Tracking (MHT) [5]. From a (Bayesian)
probability point of view, set of models means finite set
of probability distributions. In practice, for each model
in the set, a (prior) distribution is used to address the
uncertainty on the initial state of the target and another
distribution to address the uncertainty on the time evo-
lution of the state (state transition). However, there
are many real cases where eliciting a finite set of prob-
abilistic models, to cope effectively with all the target
behaviours, may not be possible. In other cases, where
it may be possible, the number of models in the set may
be too large and, thus, increasing too much the com-
putational time. In [2], a new robust filtering method
has been proposed based on closed-convex sets of prob-
ability distributions used to characterize uncertainty in
the prior, likelihood and, respectively, state transition
models. The basic idea is that of solving the filtering
problem without directly processing the distributions



in the sets but propagating the lower and upper enve-
lope of these sets of distributions. This is obtained by
employing results from the theory of Coherent Lower
Previsions (CLP) [6]. In the filtering context, where
the quantity of interests are means, credible regions of
the state etc., this means to propagate the lower and
upper values of these functions. In [2], this new ro-
bust filtering approach has then been specialised to a
special class of CLPs, called linear Gaussian-vacuous
mixtures, which is the family of all convex combina-
tions of a known nominal distribution (Gaussian) with
arbitrary distributions. This family can be used to ad-
dress estimation problems in which we take into ac-
count that our nominal model (linear Gaussian) can be
inexact and, thus, we perturb (contaminate) it to re-
flect this modelling uncertainty. As it has been shown
in [2], the resulting linear Gaussian-vacuous miztures
(LGVM) filter is naturally robust to unmodelled be-
haviours and, thus, is a perfect candidate to be used in
multi-target tracking, where one of the main issue is to
gain robustness w.r.t. to unmodelled manoeuvres. The
aim of this paper is twofold.

First, we use the general results in [2] in order to ad-
dress another source of uncertainty (apart from the
motion models) which is always present in the multi-
target tracking problem, i.e. the uncertainty on the
origin of the measurements (target or clutter). We
will show that this further source of uncertainty can
be addressed by using set of distributions and decision
techniques for CLPs. In particular, by using a decision
criterion for CLPs known as interval dominance, we de-
rive a new DA algorithm that addresses association in a
similar (but more robust) way to Global Nearest Neigh-
bour (GNN) [1], in the best case, and, to MHT, in the
worst case. Second, we evaluate the performance of the
multi-target tracking algorithm obtained by combining
LGVM filter and this new DA technique by means of
Monte Carlo simulation experiments, concerning criti-
cal multi-target tracking scenarios. We show that the
proposed tracker is able to tackle with unmodelled be-
haviours of the targets in difficult environments (clutter
presence, missed detections and interfering targets).

2 Coherent Lower Previsions

Let us briefly introduce the formalism of coherent
lower previsions we shall use later in the paper. We re-
fer to [6] for a detailed account of the theory and to [4]
for a survey. Consider variables 71, ..., Z,, taking val-
ues in the sets Z,..., Z,, respectively. For any subset
J C {1,...,n} we shall denote by Z; the (new) vari-
able Z; = (Z;);e., which takes values in the product
space Zj5 = XjejZ;. We shall also use the notation
Z" for Zgy,.. ny- Notice that, with this notation, we
can deal with both sets of variables or sets of vectors.
A gamble f is a bounded real-valued function on Z;
for any J. The set of all gambles on Z; is denoted by

L(Zy). Intuitively, a gamble f is an “utility” function
whose values depends on the a priori unknown value
Zj = zj, i.e., if z; turns out to be the true value of Z;,
we receive an amount f(z;) of utility. In the filtering
problem, f can be the mean, variance etc. Consider
now two disjoint subsets O # @, U of {1,...,n}.
Definition 1. We call E_(-|Zy) a separately coher-
ent conditional lower prevision on the set of gam-
bles L(Zouv), if and only if for all zy € Zy, f,g9 €
E(ZOUU>> and \ > 0:

(SCI) EZO (f|ZU) > minzoEZo f
(502) EZO ()\f|ZU) = /\EZO (f|ZU)~
(SC3) Ez (f +glzv) = Ez, (flzv) + Ez, (9l2v)-

If U = 0, we obtain a (unconditional) coherent lower
previsions E,_(-). [ |
CLPs can be thought as lower expectations of util-
ity functions. Because of lack of knowledge about the
probability of the different f(zp), we may not be able
to define precisely the expected utility for f, but only
provide a lower bound for this expectation. This bound
is our lower prevision for the gamble. A similar inter-
pretation holds for the conditional case. The reason
we use the terms previsions for expectations and gam-
bles for utility functions is because the theory of CLPs
is based on the subjective approach to probability [6].
We can also consider conditional upper previsions and
we have Ez, (f|zv) = —Ey, (—f|zv) for all gambles f.
Upper previsions can be thought as upper expectations
of utility functions.
Definition 2. A conditional lower prevision E ,_(:|Zy)
on the set L(Zouy) is linear if and only if it is sep-
arately coherent and E, (f + glzv) = Ez (flzv) +
L, (9lzv) for all zy € Zy and f,g € L(Zouv). [ ]
When a separately coherent conditional lower previ-
sion E, (:|Zy) is linear, we denote it by Ez,(-|Zv).
Linear previsions correspond to the standard expecta-
tion operator Ez, (-|Zy).
Theorem 1. A CLP E, (:|Zy) is separately coherent
if and only if it is the lower envelope of a closed and
conver set of conditional linear previsions, which we
denote by M(E (|1 Zy))." i.e., E5 (flzv) is equal to:

min { Ez, (flzv) : Bz, (l2v) € M(Eg,(|l2v))}. (1)

]
From (1) and Ez, (f|zv) = —E 4, (—flzv), it follows
that:

Ez,(flev) < Ezo(flev) < Ezo(flev)  (2)

for any Ez,(-|zv) € M(Ez,(-|2v)). Thus, specify-
ing a CLP is equivalent to specify a closed and con-
vex set of linear previsions (expectations) and vicev-
ersa. Hence, any closed and convex set of distribu-
tions can also be characterized by a CLP. Notice that,

1This is a bit of an abuse of notation, since actually for every
zy € Zy the set M(Ez  (-|zv)) is a set of linear previsions.



in the case E, (flzv) = Ez,(flzv), ie., the set
M(E 4, (-|zv)) just includes a single linear prevision
Ez,(f|zv), we reduce back to standard expectation
or, equivalently, probability. Hence, we can see the
classical expectation Fz, (f|zr) as the most informa-
tive CLP. The least informative CLP is the so called
vacuous prevision, i.e., it is the CLP corresponding to
the case M(E, (-|zv)) includes all the possible linear
previsions. For vacuous previsions, it can be proved
that: E,_(f|zv) = min.,ex, f(z0), for any Ko C Zo?,
f S »C(ZOUU) and zy € Zy.

As both linear and vacuous previsions are separately
coherent, we can construct new CLPs by convex com-
bination of the two [6, Ch. 2]. If £} is a lin-
ear prevision, for each 0 < ¢ < 1, Ey (fzr) =
eby (flzr) + (1 — €)min. ek, (z) f(20) defines a new
CLP which is called linear-vacuous mizture. This CLP
is the lower envelope of the so called e-contamination
model [3], that is the class of all convex combina~
tion of K (-|zr) with an arbitrary linear prevision
Bz, (20, e M(Eg, (fl0)) = LB, (flzv) + (1 —
€)Ez,(flzv) : for any Ez,(f|zv)}. In order to write
down the solution of the filtering problem [2], we need
three further results from Walley’s theory: marginal
extension, generalized Bayes rule and epistemic irrele-
vance.

Marginal extension is a generalization of the law of total
probability (or chain rule) [6, Theorem 6.7.2]:
Definition 3. Let Ey, ,Ey, (|Zuv,),---,Ez, (|Zv,)

be separately coherent conditional lower
previsions with respective domains
L(Z0,),L(20,uv,),---,L(Z20,,uv,,), where Uy = 0

and Uj = Ug;lf(UZUOZ) = Uj,1UOj,1 forj=2,...,m.

Their marginal extension to L(Z™) is given by

E(f) = By (Egy (- (Egy (f1Z0,)]..)|Z0,),
(3)
which is a CLP. |
Generalized Bayes rule is a generalisation of
Bayes’rule to CLPs [6, Ch. 6].
Definition 4. Let E,_ . be a CLP, f € E, (-|Zy) and
zy € Zy. Under the hypothesis E, (I{.,y) > 0%,
the GBR states that the separately conditional coherent
lower prevision E 5 (f|zv) is equal to the unique value
of 1 which solves:

Ey oy (f =) =0. (4)

where we use Ij 4y to denote the indicator function of
the set A, i.e., the function whose value is 1 for the
elements of A and 0 elsewhere. |

This rule is a generalization to CLPs of Bayes rule
from classical probability theory [6, Ch. 6]. In fact,
if £;, . iz,3) > 0 and we define E,_(f|zv) via the

2Since Ly (flzu) is a conditional CLP, the set Ko may de-
pend on the value zg;.
SWith B (If2,y) we mean Ey  (I(., xz,})- This is

an abuse of notation for the sake of simplicity.

GBR, then it is the lower envelope of the conditional
linear previsions Ez, (f|zy) that we can define using
Bayes rule on the elements of M(E,_ ). This can be
verified by using the result (1). Finally, epistemic irrel-
evance generalizes to CLPs the notion of independence
between variables [6, Sec. 9.1.1].4

Definition 5.  Given the coherent lower prevision
E, (:|Z;,Zy), we say that Z; is epistemically irrele-
vant to Z; conditional on Zy, if there is E ; (-|Z)) such
that E (|25, Zk) = Eg,(-|Zk). u

2.1 Decision making with CLPs

We conclude this section by discussing briefly the
decision making approach for CLPs. The Bayesian
methodology to decision making provides the action
which maximises the expected value of some utility
function (gamble). If hgy,(zy) is the considered utility
function, which depends on possible actions a; and on
the unknown value zj of Z, then a; is preferred to a;
[3] if and only if

(5)

When we consider CLPs, we deal with lower and upper
previsions and, thus, with interval-valued expectations
[E(-), E(+)], leading to the problem of decision making
under imprecision [6]. A consequence of imprecision is
that, when the lower and upper expectations are sub-
stantially different, we may abandon the idea of choos-
ing a unique action but returning a set of possible ac-
tions. There are various ways for decision making with
CLPs such as: interval dominance, maximality, mini-
max etc [3],[6]. In the following, we consider interval
dominance which is the weakest decision criterion for
convex set of probabilities and, thus, the most robust.
Under the interval dominance criterion, a; dominates
(is preferred to) a; if and only if

Ez, (htli,) < Eg, (haj )

Bz (ha) < Eg, (hay). (6)
Notice that, while for standard expectation the crite-
rion (5) determines a total order between actions, (6)
determines only a partial order. Thus, it can happen
that (6) returns a set of actions that are undominated,
i.e., we do not have any preference between actions in
this set. A way to robustly tackle this case is to con-
sider all consequences implied by these actions. This is
the approach we will follow in Sec. 4.2 to address DA
with CLPs.

3 CLPs based state estimation

In this Section, we review the main results stated
in [2]. Assuming that the expectations (linear pre-
visions) Ex,[-] (prior), Ex,[|Xk—1] (state transition)

4Notice that, within CLPs, there are other possible indepen-
dence concepts. Epistemic irrelevance is the one used in this

paper.



and Fy, [|X%] (likelihood) are known at each instant

= 1,...,t, the aim of classical Bayesian state esti-
mation is to derive the conditional expectation (linear
prevision) Ex,[-|Y" = y'], i.e., the conditional expecta-
tion of the state X; given the sequence of measurements
{Y1 =y1,Ys = yo,...,Y; = y;}. Hereafter we assume
X € X, for each k, where X} is a bounded subset of
R™*1. We also regard the measurements y;, € R™*! for
any k > 1 as idealisations of discrete events. This makes
sense in practice because of the finite precision of the
measurement instruments. We need this assumption
later to apply GBR (4), see [2] for further details. In
the following, we treat this aspect in a completely trans-
parent way for the reader, assuming that the precision
of the measurement instruments can be considered ar-
bitrarily small. The conditional Ex,[-|Y* = 3] can be
computed recursively if we further assume that Xj is
independent to X 52 given X;_; and that the measure-
ment Y; is independent to X*~! and Y*~! given Xj.
Notice that, in Bayesian state estimation, propagating
Ex,[[|Y" = 4] up to time is equivalent to propagate the
posterior probability density function (PDF) p(z|yt),
which encodes the same information of Ex,[-|[Y" = y'].
A particular case of Bayesian state estimation is when
the state transition and measurement process are de-
scribed by linear relationships:

AEL‘t + Wy

T4l =
{ y = Cap+ou, @

with we ~ N(O, Q), Vg ~ N(O,R), To ~ N(i‘o, P()), and
where the matrices 4, C, @, R are assumed to be known.
Then the conditional PDF p(z;|y’) is also Gaussian
N(i‘t,Pt) where i‘t = Ai‘t_l + Lt[yt — CA.fjt_l], Pt =
AP, AT +Q —LiSiLT, Sy = C[AP,_1 AT +Q|CI + R
and L; = [AP,_1 AT + Q|CT S;!. Here T denotes the
transpose operator. These are the equations of Kalman
filter (KF'). Consider now the case in which the available
information does not allow us to specify a unique prob-
ability measure describing each source of uncertainty in
the dynamical system. We can then use coherent lower
previsions to model the available knowledge. Consider
CLPs Ey,, Ex, [|Xx—1] and Ey, [-|Xy] for k =1,... .,
and let us derive from them a separately coherent con-
ditional lower prevision Ex [y’]. According to GBR
in Equation (4) in the case Zouy = XUY? g: X, — R
and y* € V', the CLP Ey, [g|y"] can be obtained from
the joint CLP Ey. y[] by finding the value p such

that:

Ext yi[Igyn (9 —p)] = 0. (8)
The unique value of p which solves (8) corresponds
to Ey,[gly'], which is the solution of the state esti-
mation problem in the case of CLPs. The following
Lemma states how to build the joint Ey:y-[-] from
Ex,, Ex, [|Xr-1] and Ey, [[|Xy] for k=1,... ¢t
Lemma 1. Consider the state vector X € X, and

the measurements vector Y, € \)}k for each k and as-
sume that the CLPs Ex , Ex, [|Xx-1] and Ey, [|Xy]

are known for k =1,...,t. Furthermore, assume that,
for each k=1,...,t, X*¥=2 and Y*~1 are epistemically
irrelevant to X, given Xy_1 and that X*~1 and YF—1
are irrelevant to Yy given Xy, meaning that
Ex, [hmla* ' y* 1 = Ex, [hlor-i]
Ey, [holz®, "' = Ey, [ho|zy).

9)
(10)

Vhy € L(XF x YF=1) gk 4F-1
VF), 2k k=t

Then, given the sequence of measurements y' =
{y1,92,---,yt}, a gamble g : Xy — R, and a constant
w € R, it holds that:

Exiye [I{yt}(g —w)]= Ex, {Exl {Eyl [ .

N RPN [ S )
(1)
|
The proof of this Lemma and the other results of
this Section can be found in [2]. The following theo-
rem states how to solve recursively the GBR equation
Ext,yt [I{yf}(g — )] =0.
Theorem 2. Consider the same assumptions as in
Lemma 1 and suppose that Ex.y[Ify] > 0 for
any sequence of measurements yt. Then, given y* =
{y1,92,...,y:} and a gamble g : Xy — R, the separately
coherent conditional lower prevision Ex, [gly'] can be
calculated by finding the unique value p* such that:

and Yhy € L(X* x

p* = arg, (Ex,lg] =0), with
EXk [Qk (I{ngO}EYk [I{yk} |Xk]

+ Igi<oy By, [I{yk}|Xk]> ’xkfl} )
(12)
for k = 1,...,t, where Iy, >0y is the indicator of the
set {xg : gr(xr, ) > 0}, Igg, <oy its complement and
gt(xe, 1) = g(xt) — p- u
Notice that, the assumption Ey: y[l{,:3] > 0 can
be met, since we have assumed the measurements to be
discrete [2]. This is the general solution of the filter-
ing problem in the case prior information on the state,
state transition and measurement process are modelled
through CLPs. The following corollary states that the
general solution (12) comprises the classical Bayesian
state estimation as a particular case, i.e., when CLPs
reduce to standard expectations.
Corollary 1. Consider the same assumptions as in
Theorem 2 and suppose that Ex [] = Ex,[] =
Ex, [, Ex, [|Xk-1] = Ex, [|Xp—1] = Ex, [ Xx-1] and
By, [|Xk] = Ev, [|1Xy] = By, [-|Xy]. Then, Ex,[gly'] =
Ex,lgly"] = Ex,[gly'], where:

Ex, , [Ext [QEYt [I{yt}\Xt]’Xt—l] yt*l}

Ex,_, [Ext [EYt [I{yt}|Xt]‘Xt’1} ‘yt_l} |
13)

Oe—1(Tp—1, ) =

Ex,lgly'] =



[

Furthermore, assuming some regularity conditions [6,

Sec.6.10.4] for the existence of density functions, from

(13) we can obtain Bayes’ rule for conditional PDFs,
i.e., Ex,[gly'] is equal to:

I [ a(@) pladee1)plealy'™ " )p(yeley)deide,

I p(@dae1)p(@e1 |yt =1 )p(ye| @) doda,

Tt—1 Tt
(14)
Hence, Fx,[g|lyt] is a linear functional which is
completely determined by the PDFs p(at|ai—q1),
p(ai-1ly'™") and p(y|z:).

In the classical bayesian estimation, once the poste-
rior PDF p(z;|y'~!) has been computed, we can com-
pute the posterior mean, by selecting g(z;) = x; in
(14), and its credible region (or confidence region). A
100(1 — «) credible region for a scalar random variable
x is a region x such that E(Ijeyyly'™!) = Pr(z €
xly'™1) = 1 — a, where Pr(-|y*~!) is the conditional
posterior distribution. As discussed in Sec. 2.1, dealing
with lower and upper expectations, we lead to the prob-
lem of decision making under imprecision [6]. For esti-
mation, we follow the approach discussed in [2] which
extends the Bayesian estimation approach to the CLP
framework by calculating the lower E(x;) and upper
E(x;) means and a CLP (robust) version of the cred-
ible region. In particular, the robust credible region
is defined as the minimum volume region x such that
E(lzeyy) >1—a.

4 Multi-target tracking

The aim of this section is to apply CLPs and, in
particular, the general solution of the filtering prob-
lem presented in Sec. (3) to the multi-target tracking
problem. Target tracking from sensor observations is
a difficult task, because of clutter and of the simulta-
neous presence of multiple targets whose probability to
be detected is P; < 1. At each sampling time, the
sensor provides a set Z; = {y,(!) 1= 1,2,...,mg}
of measurements. These measurements are employed
by the tracking system to perform two main tasks [1]:
(i) filtering, i.e. the update of the target state using
measurements and a model of the target motion; (ii)
data association, i.e. the association of measurements
to already established tracks.®

4.1 Filtering

In [2], the general solution presented in Section 3
has been specialised to a special class of coherent
lower previsions, called linear Gaussian-vacuous mix-
tures (LGVM). In the sequel, we adopt the same model
to perform the filtering task in the multi-target tracking
problem. The basic idea in the LGVM filter is to model

5Tn this paper, we do not consider track initiation [1], i.e., we
assume that tracks have already been initialized.

initial state and state transition by linear Gaussian-
vacuous miztures, i.e.,:

Ex,(9) = Gx/g(%)/\/(ﬂ«”o;i“oaPO) dzo+(1—e;) inf g(zo),

(15)

Ex.(gl1-1) = € / o) N(zy; A1, Q) da,
+(1 —€y) igl;ltfg(a:t),

where the scalars ¢, and €, belong to [0,1], This is
equivalent to assume that the initial state and the
time evolution of the state are described by xy ~
exN(20, Py) + (1 — €;)e; and, respectively, z;41 =
Azs + epwi + (1 — €y)n, where wy = M (0,Q) and the
noises n; and e; are assumed to have unknown distri-
butions (not necessarily constant w.r.t time). Hence,
n; (and also e;) accounts for possible unmodelled be-
haviours in the motion model. Since n; can be ar-
bitrary (any distribution), we can see (16) as a set
of infinite motion models, i.e., all possible models ob-
tained by perturbing the nominal model Axz; + €,w;
with the unknown term (1—¢,,)n;. Note that the model
which characterises both w; and zg is the so-called e-
contamination which has been defined in Sec. 2. The
correspondence between this system and (15)—(16) has
been discussed in [2]. Notice that, if €, = €, = 1, we
are back to the model (7). As it has been shown in
[2], when €,,€; < 1, LGVM is robust to unmodelled
behaviours and, thus, is a perfect candidate to be used
in multi-target tracking, where one of the main issues
is to gain robustness w.r.t. to unmodelled manoeuvres.
In [2], it is also shown that, if the measurement process
is Gaussian and target moves according to the nominal
model z411 = Az + wy, ie., ny = 0, then LGVM coin-
cides with the Kalman filter based on the same model.
Conversely, when target’s behaviour differs from this
nominal model, then LGVM is able to detect these sit-
uations and, thus, enlarging the credible region to in-
clude the true target’s state.

4.2 Data association

For the measurement process, we adopt a different
model from the one in [2]. In particular, we consider
the possibility that, at each sampling time, the sensor
returns more than one measurement (because of clutter
and presence of other targets). Let 7 = {71, 72,...,7s}
be the set of all tracks associated to a moving tar-
gets. Assume instead of a single measurement, a vec-
tor of measurements Zp = [y,(el),y,(f), e ,y,imk)]T, ie.,
Zy, € 2, C R™™*1  Notice that: Z; may be empty,
since Py < 1. The fact that Z; may contain more
than one measurement generates an ambiguity in the
measurement process, which can be taken into ac-
count by means of CLPs. Assume that association
measurements-track has already been addressed for any



track TJ from time 1 to time k — 1. We denote with
Z’“ b= sz I the sequence of measurements already
abblgned to track 7;. In the DA algorithms based on
Bayesian probability, the likelihood that the measure-

ment ¢ at time k is generated by track T is evaluated

(@)

by computing the quantity p™ (y,", T ~1) (or the con-

ditional p™ (y,(:)|z’jj_1)) which is equal to:

= F7

S Xk zZk [I{z’ﬁjl}p(yl(j)|xk)]’

P (Y, TJ (17)

where p(y,(j)|x ) = J\/(yk ,Czg, R). Once all likeli-
hoods p™ (y,(C ), ’T“ 16 have been computed for all mea-
surements i at time k and tracks 7j, DA can be per-
formed by associating the pair measurement-track with
highest likelihood, then the pair with second highest
likelihood and so on. Association is thus based on
the same decision process discussed in Sec. 2.1 in

Eq. (5), i.e., by using the total order determined by
P (yl(j) ke~ 1) This is, for instance, as the Global Near-

) T

est Nelghbour works [1]. In the CLPs case, instead of

i . T . .
E)ékyzq’f*l? we deal with Exk,zfjfl and its conjugate up-

per prevision F;(k,zlﬂfjfl. Then, (17) becomes

Eyw g Uy )] <07 (7,227 < (18)
ETXk,Z’:Jfl [I{z’:j—l}p(y;(j) |z1)].

Thus, instead of a single likelihood, for each measure-
ment ¢ we have an interval which is bounded by the
lower and upper values given in (18). In this case, for
decision making, we use the interval dominance crite-
rion discussed in Sec. 2.1 and in Eq. (6). In particular,
the association criterion used in this paper is described
by the following algorithm. We refer to it as Interval
Dominance Data Association (IDDA).

1. Initialize the set of tracks 7 = {m1,72,...

7TS}§

the set of measurements at time k, Z, =

[y,il),y,(c2),...,y,(€m’“)]T7; the set of measurements
associated to track 7;, A% = {0} for all j =
1,...,s.

2. If 7 and ka are not empty, select 7; € T and
() in Z such that Exk 2t 1[I{z5;1}p(y,(:)|xk)] is

maximum, else go to step 4

3. For all 7, € T such that Tu 7# T4, compute
E;‘hszl[I{zf—l}p(yé}z”mk)] and check if:

o A ()

(i) (19)
< EXk Zk L {z’;]_—l}p(yk |zk)]-
SNotice that, in the linear Gaussian case, p™i (y,(C >,z77 )

Nyt >,CAxk 1,S5k), where ik 1 is the estimate of the state
Yk

based on the measurements z,- -1

"Notice that, we are not performlng gating, i.e., we consider

all available measurements from the sensor.

If 7 # 0 or if (19) is true for all 7,,, add measure-
(@)

ment y,~ to A7/, remove 7; from 7 and remove
y](:) from Zj, and go back to 2.

4. Initialize again the set of tracks T to
{T1, 72y oy Ts };

5.1f 7 and Zk\.ATJ' are not empty, select
T; € 7 and y(l) € Zp\A" such that
E;k 75 1[I{Zk 1}p(yk)|xk)] is maximum, else go to
step 8.

6. If A7 is empty then add yg) to A7, else check if

T

Ex ZES 1 {25 1}p(yl(ci)|$k)]
> EQw - lu{zﬁj-l}p<yk“>|a:k>}7

(20)

€ A7,

for any other measurement yk

7. If (20) is met, add y,(cu) to AT else go to step 8.

8. Remove 7; from T and go back to step 5.

To understand IDDA first let us consider the case

E" = E” = E" for each track 7;.
SxkzEt T Xk Xk zho J

In this case, we are back to GNN. Then inequality (19)
is satisfied for all 7, while (20) is never satisfied, be-

cause EX],c zh determines a total order. In the gen-

eral case ETEk = < Exk zE1 for some track 7., the

algorlthm first tries to solve DA globally by means of
(19), i.e., comparing different tracks w.r.t. the same
measurement. Then, for the unassigned measurements,
steps 4-7 are performed. At the end of the procedure,
if the set Z7 = A7 = {y,(jl), .. (]’” } includes just
one measurement for all tracks Tj, we are back to GNN.
Conversely when j,,, > 1, as discussed in Sec. 2.1, a way
to robustly tackle this case is to consider all associa-
tion hypotheses implied by the set sz. In particular,
we address this ambiguity by considering the set of all
possible likelihood-PDFs implied by Z,? , which is the
same idea followed in MHT but interpreted in the CLPs
framework.® This means that the measurement process
is modelled by the following CLP:

> iz

,Jm T

_min
1=0,71,..

B (Blax) o N[ = Pz
+ I{Wéo} 7 N(yk ) kav ):| )

(21)
for each h € L(Z]), z1, € X and where ) is the clutter
density. Notice that, we are considering also the missed

8As in MHT, to reduce the computational load, we can imple-
ment gating and pruning strategies. Some ideas are also discussed
in [2]. In this paper, since the simulation scenarios considered in
Sec. 5 are not computationally intensive for IDDA, we have not
implemented such strategies.



detection hypothesis, i.e., the term 1 — P, associated
to the index ¢ = 0. Equation (21) defines a vacuous
CLP over the set of indexes j =0, j1, ..., jm Or, equiv-
alently, over the set of hypotheses: (i) all entries of the
measurement vector Z; are clutter generated and the
target is not detected (¢ = 0); (ii) the measurement y,(;)
is target generated (i # 0). Notice also that, we have
a sum instead of an integral in (21), because we have
assumed the measurements to be discrete. The sum is
over the space of the elements Z[, i.e., j,, variables.
Once the minimum in (21) is computed, the result is
just an expectation w.r.t. a uniform or Gaussian PDF:

> (=) [(1 — P))ly—oy + Iiopoy SN (), Can, R)
25,

(22)
where ¢/ denotes the value 0, j1,. .., j,, which obtains
the minimum in (21). Similar expression holds for
Ezg (h|xg), but for a different i’ (the one which ob-
tains the maximum). Now that we have defined Ey ,
Ex, (lzk-1) in (15)~(16) and Er (-|zx) in (21) for each
k > 1, we can derive E% [g|Z! = 2L] for all tracks 7
and function of interest g, as discussed in Sec. 3. In the
following, for decision making purposes and to evaluate
the performance of the proposed multi-target tracker,
we will use the 99% posterior robust credible region,
i.e., the minimum volume region xy C R" such that
E% [I]z"] > 0.99. In [2], a specialised version of the
results in Sec. 3 has been derived for linear Gaussian-
vacuous mixture, by exploiting the properties of Gaus-
sian PDFs to simplify the computations. Since (15)-
(16) and (22) are indeed linear Gaussian-vacuous mix-
ture, we have used the same derivations to solve (12).
We refer to [2, Sec. 5] for the details.

5 Performance evaluation

In this section, the performance of the tracker ob-
tained by combining the LGVM filter and IDDA algo-
rithm is assessed by means of Monte Carlo simulations,
concerning different scenarios. The simulated targets
move in the xy Cartesian plane and are, therefore,
characterized, at discrete time t, by the state vector
Tt = [ps, Vs, Py, vy]T, where (ps,p,) provides the posi-
tion and (vg,v,) the velocity in Cartesian coordinates
at time t. The following motion model has been con-
sidered for the targets:®

Te41 = Axterf
Y = CCL’t+Ut
1 7T 0 0
01 00 1 0 0 O
A‘001T’O_[0010}’
00 01
(23)

9Notice that, if measurements were in polar coordinates, we
could use linearisation and reduce again to the linear case, but
with a time-varying covariance R.

where T" = 1 is the sampling interval; wi = e,w; +
(1 = ep)ng, wy ~ N(0,Q), zg = 2o (e, € = 1),
&g ~ N(0, o), vy ~ N(0,R), Py = diag [po, po, Po, Pol,
Q = diag|q,q,q,q|, R = diag|[r,r] with pyp = 0.2, =
0.1, r =01, T =1, ¢, = 0.9999. It has also been
assumed that the two components of the state are con-
strained to lie in [—150, 150] and, respectively, [—30, 30].
The performance of the multi-target tracker will be in-
vestigated by considering different distributions for the
contaminating term n; and, thus, different manoeuvres.
If not otherwise stated, we consider a scenario with 2
targets, trajectories’ length of 40 time instants, clutter
presence (5 clutter measurements at each time instant),
A = 107% and 100 Monte Carlo (MC) runs. Notice that,
MC runs have been performed only w.r.t the measure-
ment’s noise realisations (the trajectory is fixed). In
this way, we can force the two targets to cross their
trajectories at the same time. To evaluate the perfor-
mance of the proposed algorithm, the following metrics
will be considered.

AE (Association Error): a binary variable taking value
0 if the measurement associated to track 4 at time ¢ is
the right one and value 1 otherwise

TC (Track Continuity): a real variable in [0, 1] that
measures the percentage of trajectory in which targets
are continuously represented by the same track (i.e.,
target position included in the robust 99% credible re-
gion of the associated track).

All these metrics are averaged over the number of
targets, the trajectory’s duration and the number of
MC trials.

Scenario 1: Let us first consider the multitarget case-
study depicted in Fig. 1. The initial states of the two
targets are [0, 1,24, —1] and, respectively, [0,1, —24, 1].
Targets move according to the motion model (23) with
ng = [0,0,0,0]7 for each 15 # k € {1,...,40}, while
n1s is equal to [0,0, —4,0]7 for target 1 (red line) and to
[0,0,4,0]T for target 2 (blue line). This means that the
trajectories of the two targets undergo a jump of 4 units
along the y-axis at the time instant £k = 15. This can
be interpreted as an manoeuvre. Fig. 1 also shows the
true position of the first target at each instant (denoted
by a red asterisk mark) and the estimated 99% robust
credible regions (red ellipse) (for the case P; = 1 and
no-clutter). We can see that, at the instant k& = 15, the
tracker correctly detects the manoeuvre and it is able
to enlarge the credible region in order to include the
true state. The tracker, because of LGVM filter, is thus
able to distinguish situations where tracking is easy, i.e.,
targets are not manoeuvring (small credible regions) to
situations where tracking is difficult, i.e., targets are
manoeuvring (large credible regions). In this case, at
the trajectory-crossing, IDDA gives the same answer of
GNN, since there is not uncertainty (i.e., targets are
not manoeuvring). The simulation results are shown in
table 1 in terms of AE and TC for different values of
P, and clutter presence. We can see that the algorithm



Figure 1: Case 1: 99% robust cred. regions relative to a
single MC run for the 1st target, P; = 1 and no-clutter.

AE [ TC
P, =08 | 0.06 | 0.94
P,=09 003 1
P,=1 |002] 1

Table 1: Simulations results for scenario 1

performs well also at the decreasing of the detection
probability.

Scenario 2: let us now consider the multi-target case-
study depicted in Fig. 2. The initial states of the two
targets are [0, 1, 16, —1] and, respectively, [0, 1, —24, 1].
Targets move according to the motion model (23) with
ni = [0,0,0,0]7 for each 20 # k € {1,...,40}, while
nao is equal to [0,0,—4,0]7 for target 1 (red line) and
to [0,0, 44, 0]T for target 2 (blue line). This means that
the targets execute a manoeuvre at the crossing. Fig.
2 also shows the estimated 99% robust credible region.
We can see that, from time 20 to 24, the credible re-
gions are very large. In this case, the IDDA algorithm
response is different from that would be the one from
GNN. Because of the manoeuvre, we cannot in fact de-
cide which measurement is originated from which tar-
get. Hence, the tracker propagates all possible associa-
tion hypotheses until a decision can be reached (as the
MHT would do in this case). However, conversely to
MHT, the proposed tracker do not propagate all possi-
ble hypotheses separately, but jointly by means of their
lower and upper envelope (which is a CLP). Thus, from
time 20 to 24, the credible regions shown in Fig. 2 in-
clude both targets’s states, because of the uncertainty
in DA. The simulation results in terms of AE and TC
are shown in table 2.

AE | TC
P; =081 0.15 | 0.84
P;=10.9]0.09 | 089
Pi=1 0.04 | 0.93

Table 2: Simulations results for scenario 2

Figure 2: Case 2: 99% robust cred. regions relative to a
single MC run for the 1st target, P; = 1 and no-clutter.

6 Conclusions

In this paper, a new multi-target tracker has been
proposed based on closed-convex sets of probability dis-
tributions used to characterize uncertainty in the prior,
target’s motion and in the origin of the measurements
(target or clutter). We have also shown, in practical
cases, that this new multi-target tracker is able to ro-
bustly deal with difficult tracking scenarios (manoeu-
vring and crossing targets). As future prospects, we
intend to investigate the performance of the tracker
in more difficult scenarios (more targets, more clutter
etc.). We also plan to investigate track initiation, which
has not be addressed in this paper.
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